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SUMMARY 
An exponen t i a l  f i n i t e  d i f f e r e n c e  scheme f i r s t  p resen ted  by Bhat tacharya 
f o r  one-dimensional unsteady hea t  conduc t ion  problems i n  C a r t e s i a n  coo rd i na tes  
has been extended. The f i n i t e  d i f f e r e n c e  a l g o r i t h m  developed was used t o  so lve  
t h e  unsteady d i f f u s i o n  equa t ion  i n  one-dimensional c y l i n d r i c a l  coo rd i na tes  and 
was a p p l i e d  t o  two- and three-d imensional  conduc t ion  problems i n  C a r t e s i a n  
coo rd i na tes .  Heat conduc t ion  i n v o l v i n g  v a r i a b l e  thermal c o n d u c t i v i t y  was a l s o  
i n v e s t i g a t e d .  The method was used t o  so l ve  n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  
equa t ions  i n  one- (Bu rge r ' s  equa t ion )  and two- (boundary l a y e r  equa t ions )  
d imensional  Ca r t es i an  coo rd i na tes .  P red i c t ed  r e s u l t s  a re  compared t o  exac t  
s o l u t i o n s  where a v a i l a b l e  o r  t o  r e s u l t s  ob ta i ned  by o t h e r  numer ica l  methods. 
INTRODUCTION 
The o b j e c t i v e  o f  t h i s  work i s  t o  extend, expand, and compare an e x p l i c i t  
exponen t i a l  f i n i t e  d i f f e r e n c e  techn ique  f i r s t  proposed by Bha t tacharya  
r e f .  1 To da te  t he  method has o n l y  been used f o r  one-dimensional unsteady 
hea t  t r a n s f e r  i n  Ca r t es i an  coord ina tes .  The method i s  a f i n i t e  d i f f e r e n c e  r e l -  
a t i v e  o f  the  sepa ra t i on  o f  v a r i a b l e s  technique.  The f i n i t e  d i f f e r e n c e  equa- 
t i o n  t h a t  r e s u l t s  uses t ime  s tep  d i v i s i o n  t o  i nc rease  accuracy and t o  m a i n t a i n  
s t a b i  1 i t y .  
F o l l o w i n g  h i s  i n i t i a l  paper,  Bhat tacharya ( r e f .  2 )  and Bha t tacharya  and 
Davies ( r e f .  3)  have developed r e f i n e d  forms o f  the  exponen t ia l  f i n i t e  d i f f e r -  
ence equa t ion .  A lso ,  an approximate s u b s t i t u t i o n  f o r  a g i v e n  range o f  expo- 
n e n t i a l  te rm was i n v e s t i g a t e d  t o  reduce t he  computat ion t ime  w h i l e  r e t a i n i n g  
good accuracy.  I n  r e fe rences  1 t o  3, t h e  r e s u l t s  f o r  unsteady one-dimensional 
hea t  t r a n s f e r  found  by i m p l i c i t  and e x p l i c i t  numer ica l  techniques were com- 
pared t o  exac t  a n a l y s i s .  The o v e r a l l  r e s u l t s  i n d i c a t e d  t h a t  t he  exponen t i a l  
f i n i t e  d i f f e r e n c e  techniques were more accura te  than t he  o t h e r  ava i  1 a b l e  numer- 
i c a l  techniques.  The one drawback w i t h  t he  exponen t ia l  f i n i t e  d i f f e r e n c e  
method was t h a t  computer t ime  inc reased  f o r  t h e  one-dimensional case t h a t  was 
i n v e s t i g a t e d .  
The i n t e n t  o f  t h e  p resen t  work i s  t o  demonstrate how t h e  exponen t i a l  
f i n i t e  d i f f e r e n c e  method o r i g i n a l l y  developed i n  r e fe rence  1 can be used t o  
solve a wide variety of problems. Linear and nonlinear partial differential 
equations found in engineering and physics will be solved. All results 
obtained by this finite difference technique will be compared to exact solu- 
tions or to values found by use of other numerical techmiques. 
NOMENCLATURE 
Biot modulus, hR/k 
material specific heat, J/(kg)(K); Btul(lbm)(OF> 
convection heat transfer coefficient, w / ( ~ ~ > ( ~ c >  ; ~tu/(ft~)(hr)(~~) 
nodal location in x, y ,  and z spatial coordinate directions, 
respectively 
Bessel functions of zero and first order, respectively 
thermal conductivity, W/(m)(OC); Btu/(hr)(OF)(ft) 
thermal conductivity at ith position, nth time step, WI(m)(OC); 
Btu/(hr>(OF>(ft) 
distance between plates, m; ft 
dimensionless drive number 
number of subintervals 
number of nodes i n  a spatial direction 
time step position designation 
radial length, m; ft 
spatial coordinate (cylindrical coordinates), m; ft 
temperature, OC; OF 
time, s 
time between time steps n and n + 1 
flow velocity, mls; ftls 
method of Douglas intermediate values 
substitution variable for Burger's equation 
spatial coordinates (Cartesian coordinates); m; ft 
distance between nodal positions in the x, y, and z spatial 
directions, respectively 
thermal  d i f f u s i v i t y ,  m2/s; f t 2 / s  . . , 
r a t e  o f  thermal  c o n d u c t i v i t y  v a r i a t i o n  
A ~ / ~ C ~ ( A X ) ~ ,  [ w / ( ~ ) ( o c )  I-' ; [ ~ t u / ( h r ) ( ~ ~ ) ( f t 2 )  1-I 
cons t a n  t 
c o n s t a n t  used i n  e x p o n e n t i a l  f i n i t e  d i f f e r e n c e  method w i t h  tempera- 
t u r e - v a r y i  ng thermal  c o n d u c t i  v i  t y  
f i n i t e  d i f f e r e n c e  o p e r a t o r  
mth e igenva lue  o f  Bessel f u n c t i o n  
amp1 i f i c a t i o n  f a c t o r  
k i n e m a t i c  v i s c o s i t y ,  m2/s; f t 2 / s  
m a t e r i a l  dens i  t y ,  kg/m3; 1  b m / f t 3  
K i r c h o f f  t r a n s f o r m a t i o n  v a r i a b l e  
(a A ~ ) / ( A x ) ~  d imens ion less  t i m e  
separat i 'on  v a r i a b l e s  
ANALYSIS  
The e x p o n e n t i a l  f i n i t e  d i f f e r e n c e  a l g o r i t h m  d e r i v e d  by  B h a t t a c h a r y a  
( r e f .  1 )  w i l l  be developed i n  t h i s  s e c t i o n .  To i l l u s t r a t e  t h e  p rocedure  
unsteady two-dimensional  h e a t  c o n d u c t i o n  i n  C a r t e s i a n  c o o r d i n a t e s  w i l l  be 
i n i t i a l l y  cons ide red  ( r e f .  4 ) .  The a p p r o p r i a t e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  
i s  ( r e f .  5): 
where a i s  t h e  thermal  d i f f u s i v i t y ,  k l p c .  I f  e q u a t i o n  ( 1 )  i s  d i v i d e d  by T  
and t h e  r e s u l t i n g  e x p r e s s i o n  e v a l u a t e d  a t  t h e  t i m e  s t e p  n and t h e  g r i d  p o i n t  
(i ,j), we may w r i t e  
I t  may be assumed here  t h a t  T  can be w r i t t e n  i n  a  p r o d u c t  form as 
The s p a t i a l  and temporal v a r i a b l e s  can be separated and equa t ion  (2 )  can then 
be s e t  equal t o  a  cons tan t ,  say, -K. Thus, t he  l e f t  s i d e  o f  equa t ion  (2 )  i s  
w r i t t e n  as 
Replac ing t he  d e r i v a t i v e  w i t h  a  one-sided d i f f e r e n c e  r e s u l t s  i n  t he  f o l l o w i n g :  
The sepa ra t i on  cons tan t  K i s  eva lua ted  from the  r i g h t  s i d e  o f  equa t i on  ( 2 )  
by u s i n g  second c e n t r a l  space d i f fe rences  which r e s u l t  i n  
I f  t h e  g r i d  spac ing i s  cons tan t  (Ax = Ay), then equa t i on  ( 3 )  may be w r i t t e n  as 
2  n  
where R = g r i d  F o u r i e r  number = (a At ) /Ax  and Mi ,j = d imension less d r i v e  
number which i s  w r i t t e n  as 
Because o f  t he  exponen t ia l  f o rm  o f  equa t ion  (5>, the  t ime  s tep  may be 
d i v i d e d  i n t o  a  number o f  s u b i n t e r v a l s .  Subd i v i s i ons  r r e d u c t i o n  o f  t h e  t ime 
s tep  i s  t y p i c a l l y  done t o  inc rease  t he  accuracy o f  ex ! l i c i t  numer ica l  methods. 
n+ l  For example, i f  t he  t ime s tep  were d i v i d e d  i n t o  two i n t e r v a l s ,  then  Ti, j  would be found i n  t he  f o l  l ow ing  way: 
n+1/3 n ,  
- 
Ti , j  - Ti, exp [:- ( M !, j>I 
Consequent ly,  
where t he  d imension less d r i v e  numbers a re  eva lua ted  a t  t he  sub-t ime i n t e r v a l s  
and then summed f o r  c a l c u l a t i o n  o f  "T" a t  t he  n  + 1  t ime  s tep .  Or i n  a  more 
genera l  form, f o r  "mu s u b i n t e r v a l s  
Equa t ion  ( 7 )  i s  t he  genera l  d i f f e r e n c e  equa t ion  f o r  t h e  temperature a t  t he  i , j  
node, a t  t he  n  + 1  t ime  s tep,  f o r  m  t ime-step s u b i n t e r v a l s .  Th i s  equa t i on  
i s  v a l i d  f o r  a l l  i n t e r i o r  nodes f o r  two-dimensional  r e c t a n g u l a r  domain. Nodes 
on t he  boundar ies a re  t r e a t e d  d i f f e r e n t l y  and depend on t he  a p p l i c a t i o n .  
I n  r e fe rence  1, i t  was shown t h a t  f o r  hea t  t r a n s f e r  a p p l i c a t i o n s  t he  t ime 
s tep  can be subd iv ided  t o  a  maximum number o f  t ime  s u b i n t e r v a l s  as f o l l o w s :  
(N/2> - 1  + heat  t r a n s f e r  c o e f f i c i e n t  = i n f i n i t e  
(8 > 
(N/2> + 1  + hea t  t r a n s f e r  c o e f f i c i e n t  f i n i t e  
where N  equals  t he  number o f  nodes i n  one o f  t he  coo rd i na te  d i r e c t i o n s .  
STABILITY OF THE EXPONENTIAL FINITE DIFFERENCE METHOD 
With  few excep t ions ,  e x p l i c i t  f i n i t e  d i f f e r e n c e  procedures f o r  s o l v i n g  
p a r t i a l  d i f f e r e n t i a l  equa t ions  a re  i n h e r e n t l y  uns tab le  un less c e r t a i n  numer ica l  
c o n d i t i o n s  a re  s a t i s f i e d .  These c o n d i t i o n s  t ake  t h e  form o f  a  g r i d  s i z e  a n d l o r  
t ime  s tep  requ i rement  w r i t t e n  i n  terms o f  parameters o f  t he  g i ven  problem. I f  
these s t a b i l i t y  c o n d i t i o n s  a re  n o t  met, the  s o l u t i o n  can d i ve rge .  These con- 
s t r a i n t s  on g r i d  s i z e  o r  l e n g t h  o f  t ime  s tep  can make t h e  methods i m p r a c t i c a l  
f o r  c e r t a i n  a p p l i c a t i o n s .  These c o n d i t i o n s ,  however, must be known p r i o r  t o  
use o f  any e x p l i c i t  d i f f e r e n c i n g  procedure.  
There a re  a  v a r i e t y  o f  methods t h a t  have been used t o  e s t a b l i s h  t he  s ta -  
b i  1  i t y  c o n s t r a i n t s  o f  a  f i n i t e  d i f f e r e n c e  procedure.  These methods seek t o  
f i n d  an express ion  f o r  t h e  a m p l i f i c a t i o n  f a c t o r  which i s  d e f i n e d  as t h e  r a t i o  
o f  the  c u r r e n t  s o l u t i o n  r e s u l t  t o  t h a t  i n  t he  p rev i ous  s tep .  I f  the  abso lu te  
va lue  o f  t he  r a t i o  i s  l e s s  than one, then t he  method i s  regarded as be ing  s ta -  
b l e .  De te rm ina t i on  o f  t h e  a m p l i f i c a t i o n  f a c t o r  f o r  t he  exponen t i a l  f i n i t e  d i f -  
fe rence  method i s  p a r t i c u l a r l y  conven ien t ,  as has been shown i n  r e fe rence  1. 
For  t he  two-dimensional Ca r t es i an  coo rd i na te  case, the  a m p l i f i c a t i o n  f a c t o r  
6 can be d e f i n e d  as t h e  f o l l o w i n g  (no  t ime  s u b i n t e r v a l  d i v i s i o n ) :  
Numerical s t a b i l i t y  c o n s t r a i n t s  r e q u i r e  t h a t  
l i m  ( 6 1  5 1 
A t+o 
Ax+O 
To s a t i s f y  t h i s  requi rement ,  t he  exponent o f  equa t ion  (9) must o b v i o u s l y  be 
l e s s  than  o r  equal t o  zero.  S ince t he  components t h a t  make up Q i n  t h a t  
exponent a re  a l l  p o s i t i v e ,  t h i s  i m p l i e s  t h a t  t he  d imension less d r i v e  number 
w i l l  de termine the  numer ica l  s t a b i l i t y .  For t h e  two-dimensional Ca r t es i an  
coo rd i na te  case t he  d imension less d r i v e  number must s a t i s f y  
Equa t ion  (12) needs t o  be s a t i s f i e d  o the rw i  se an uns tab le  condi  t i o n  can 
e x i s t .  As p o i n t e d  o u t  by Bhat tacharya ( r e f .  I), the  d imension less d r i v e  number 
p r i m a r i l y  determines t he  s t a b i l i t y  o f  t he  s o l u t i o n .  However a  l a r g e  dimension- 
l ess  t ime  s t e p  cou ld  a l s o  cause t h e  s o l u t i o n  t o  become uns tab le .  S ince t ime 
s u b i n t e r v a l  d i v i s i o n  i s  used, t he  t o t a l  d imension less t ime s tep  Q cou ld  
become q u i t e  l a r g e .  I n  r e fe rence  1,  i t  was recommended f o r  one-dimensional  
hea t  conduc t ion  problems t h a t  t he  d imension less t ime s tep  s a t i s f y  t h e  f o l l o w -  
i n g  c o n d i t i o n :  
where m i s  t he  number o f  t ime-s tep s u b i n t e r v a l s  i n v o l v e d  i n  t he  c a l c u l a t i o n s .  
Th is  same reason ing  can be extended t o  hea t  conduc t ion  problems i n  two and 
t h ree  dimensions w i t h  equal g r i d  spac ing.  The express ion  i n  equa t i on  (13)  has 
been shown i n  r e fe rence  4 t o  be equal t o  114 and 116 f o r  two and t h r e e  dimen- 
s ions ,  r e s p e c t i v e l y .  Th is  r e s t r i c t i o n  as shown i n  equa t ion  (13)  i s  o f  t he  same 
magnitude as i s  t y p i c a l l y  used f o r  an e x p l i c i t  f i n i t e  d i f f e r e n c e  techn ique  f o r  
the  g r i d  F o u r i e r  number. 
APPLICATIONS 
The exponen t i a l  f i n !  t e  d i f f e r e n c e  technique w i  11 now be appl  l e d  t o  a  num- 
ber  o f  eng inee r i ng  problems. Unsteady hea t  t r a n s f e r  problems w i  11 be so lved  
i n  one-dimensional  r a d i a l  coord ina tes ,  i n  one-dimensional C a r t e s i a n  coo rd i -  
na tes  w i t h  tempera tu re -vary ing  thermal c o n d u c t i v i t y ,  and i n  three-d imensional  
C a r t e s i a n  coo rd i na tes .  Non l inear  equa t ions  w i l l  a l s o  be n u m e r i c a l l y  so lved  
u s i n g  t h i s  method. I n  p a r t i c u l a r ,  B u r g e r ' s  equa t ion  and t he  l am ina r  boundary 
l a y e r  on a  f l a t  p l a t e  w i l l  be i n v e s t i g a t e d .  A l l  a p p l i c a t i o n s  w i l l  be compared 
e i t h e r  t o  exac t  r e s u l t s  o r  t o  r e s u l t s  ob ta i ned  v i a  o t h e r  numer ica l  techn iques .  
Th i s  comparison w i l l  p r o v i d e  an assessment o f  t h e  accuracy of t h e  exponen t i a l  
f i n i t e  d i f f e r e n c e  method. 
.One-Dimensional Heat Conduct ion i n  Cyl  i n d r i  c a l  Coord ina tes  
One-dimensional hea t  conduc t ion  i n  c y l i n d r i c a l  coo rd i na tes  w i l l  be inves-  
t i g a t e d  f o r  i n f i n i t e  and f i n i t e  hea t  t r a n s f e r  c o e f f i c i e n t .  The exac t  r e s u l t s  
f o r  b o t h  cases can be found i n  r e fe rence  5 .  
For  i n f i n i t e  hea t  t r a n s f e r  c o e f f i c i e n t  on t he  boundary su r f ace  t h e  exac t  
r e s u l t  i s  g i v e n  i n  r e fe rence  5 as 
where XiR i s  t h e  i t h  z e r o  o f  
The r e s u l t s  o f  bo th  the  exac t  a n a l y s i s  and t he  exponen t i a l  f i n i t e  d i f f e r -  
ence method a re  shown i n  t a b l e  I. As can be seen f r om t h e  t a b u l a t e d  r e s u l t s ,  
exponen t i a l  f i n i t e  d i f f e r e n c e  r e s u l t s  approach t h e  exac t  s o l u t i o n  as t h e  number 
of  nodes i s  inc reased  o r  as t h e  d imension less t ime  s t e p  i s  decreased. 
When t h e  hea t  t r a n s f e r  c o e f f i c i e n t  has a  f i n i t e  va l ue  a t  t he  su r face ,  the  
exac t  s o l u t i o n  f r om  re fe rence  5 i s  
where B = hR lk  ( B i o t  modulus) and Xi ( c h a r a c t e r i s t i c s  va lues)  a r e  g i v e n  by 
t he  f o l l o w i n g  equa t i on  ( f o r  c o o l i n g ) :  
The r e s u l t s  a re  shown i n  t a b l e  I1 f o r  va r i ous  va lues  o f  the  B i o t  modulus. 
As would be expected, the  s o l u t i o n  approaches t he  exac t  s o l u t i o n  as t he  number 
o f  nodes inc reases .  As t h e  e lapsed t ime  o f  t he  s o l u t i o n  proceeded, tempera- 
t u r e s  p r e d i c t e d  by t h e  exponen t i a l  f i n i t e  d i f f e r e n c e  method approached t h e  
exac t  r e s u l t .  A l s o  t he  r e s u l t s  i n d i c a t e d  t h a t  r educ ing  t h e  s i z e  o f  t he  t ime 
s u b i n t e r v a l  i nc reased  t h e  accuracy o f  t he  method. 
One l a s t  comparison w i l l  be made w h i l e  i n v e s t i g a t i n g  t he  exponen t ia l  
f i n i t e  d i f f e r e n c e  techn ique  i n  one-dimensional  c y l i n d r i c a l  coord ina tes .  The 
geometry f o r  a  c y l i n d r i c a l  annulus i s  shown i n  f i g u r e  1  and i s  a p p l i e d  t o  a  
problem w i t h  ' t he  f o l l o w i n g  i n i t i a l  and boundary c o n d i t i o n s :  
I n  r e fe rence  6 t h i s  prob lem was so lved  n u m e r i c a l l y  us i ng  a  c h a r a c t e r i s t i c -  
va lue  s o l u t i o n .  A comparison of  r e s u l t s  i s  shown i n  t a b l e  I 1 1  f o r  t he  exponen- 
t i a l  method u s i n g  the  same g r i d  spac ing as i n  r e fe rence  6 and f o r  t he  case 
where g r i d  spac ing i s  ha lved .  The r e s u l t s  a re  seen t o  compare q u i t e  w e l l  w i t h  
t he  f i n e r  mesh be ing  s l i g h t l y  c l o s e r  t o  t he  va lue  f r om re fe rence  6 e s p e c i a l l y  
d u r i n g  t h e  f i r s t  few t ime s teps o f  t he  s o l u t i o n .  
One-Dimensional Unsteady S t a t e  Conduct ion Wi th  
Temperature-Varying Thermal C o n d u c t i v i t y  
The e f f e c t  o f  tempera tu re -vary ing  thermal c o n d u c t i v i t y  w i l l  now be inves-  
t i g a t e d  u s i n g  t h r e e  d i f f e r e n t  numer ica l  schemes: a  pure  e x p l i c i t ,  t he  expo- 
n e n t i a l  method, and an i m p l i c i t  technique.  The problem t o  be so lved  i s  
i l l u s t r a t e d  i n  f i g u r e  2 (a ) .  The thermal c o n d u c t i v i t y  i s  assumed t o  be a  l i n e a r  
f u n c t i o n  o f  temperature and i s  shown i n  f i g u r e  2 (b> .  
The exponen t i a l  f i n i t e  d i f f e r e n c e  method w i l l  be a p p l i e d  f i r s t  t o  t he  
g i ven  problem. The f o l l o w i n g  govern ing  p a r t i a l  d i f f e r e n t i a l  equa t i on  i s  taken 
f r om re fe rence  7 :  
Equa t ion  (19) can be changed t 0 . a  s imp le r  f o rm  by us i ng  an a l t e r n a t e  
dependent v a r i a b l e  8 ( t h e  K i r c h o f f  t r ans fo rma t i on )  g i ven  by 
where kR i s  t he  c o n d u c t i v i t y  a t  temperature TR, and 
S u b s t i t u t i n g  equa t ions  (21) i n t o  equa t ion  (19) g i v e s  
2 " :  (at) e = 9 
Since i t  has been assumed t h a t  t he  thermal c o n d u c t i v i t y  i s  a  l i n e a r  f u n c t i o n  
o f  temperature,  
k (T )  = k R ( l  + BT) (23) 
Now s u b s t i t u t i n g  equa t ion  (23) i n t o  equa t i on  (20) r e s u l t s  i n  t he  f o l l o w i n g :  
D i r e c t  i n t e g r a t i o n  y i e l d s :  
Equat ion (24) p rov i des  the  r e l a t i o n s h i p  between t he  v a r i a b l e  T and t h e  v a r i -  
a b l e  8. 
Re tu rn i ng  to equa t ion  (22) and r e a r r a n g i n g  r e s u l t s  i n :  
Equat ion (25) i s  i n  a  f o rm  f o r  which t h e  exponen t ia l  f i n i t e  d i f f e r e n c e  
method can be app l i ed .  The r e s u l t i n g  equa t i on  i n  t he  K i r c h o f f  v a r i a b l e  can be 
shown ( r e f .  4)  t o  be g i ven  by 
n  e;+' . ei exp ~t 
pc  AX)^ P 
- 
E v a l u a t i n g  equa t i on  (24) a t  node i and t ime s tep  n r e s u l t s  i n  
S u b s t i t u t i o n  o f  equa t i on  (27) i n t o  equa t ion  (26) a t  t he  a p p r o p r i a t e  t ime  s teps 





























































Equat ion (32) and equa t i on  (30) a re  so lved  u s i n g  t he  exponen t i a l  f i n i t e  
d i f f e r e n c e  s o l u t i o n  sequence. I n  t h i s  case the  c o n d u c t i v i t y  as w e l l  as t he  
temperature f i e l d  must be mon i to red  on t he  subt ime i n t e r v a l  l e v e l .  The dimen- 
s i o n l e s s  t ime  s tep,  Q, and t h e  r a t e  o f  c o n d u c t i v i t y  change, B, must b o t h  be 
cons idered  when choosing t he  s tep  s i z e  so t he  s o l u t i o n  does n o t  become unsta- 
b l e .  For t h i s  method, t he  t e rm  [ y k l l ( m  + 111 i n  t h e  exponen t i a l  was cons id-  
e red  a t  i t s  maximum p o s s i b l e  va l ue  and t h e  t ime s tep 'was ad jus ted  t o  r e t a i n  
s t a b i l i t y .  Th is  c r i t e r i a  was chosen so t h a t  
A comparison o f  r e s u l t s  ob ta i ned  by u s i n g  a  pure e x p l i c i t  method, a  pure 
i m p l i c i t  method, and t h e  exponen t ia l  method can be found i n  f i g u r e  3  and 
t a b l e  I V .  F i gu re  3  shows t he  temperature f i e l d  ove r  a  s l a b  c ross  s e c t i o n .  
From t h i s ,  i t  i s  e v i d e n t  t h a t  t he  exponen t i a l  and pure e x p l i c i t  methods g i v e  
v e r y  s i m i l a r  r e s u l t s .  The i m p l i c i t  method p r e d i c t e d  h i ghe r  temperatures c l o s e r  
t o  t he  s l a b  su r f ace  and lower  temperatures a t  t he  s l a b  c e n t e r l i n e .  I n  t a b l e  I V  
t h e  r e s u l t s  a t  t he  s l a b  cen te r  a re  shown f o r  v a r i o u s  e lapsed t imes .  As can be 
seen, a l l  t h r e e  methods agreed w i t h  each o t h e r  t o  w i t h i n  a  few pe rcen t .  
Unsteady Heat Conduct ion i n  Three Dimensions 
A f i n a l  a p p l i c a t i o n  o f  t he  exponen t i a l  f i n i t e  d i f f e r e n c e  method t o  t he  
d i f f u s i o n  equa t ion  w i l l  be f o r  three-d imensional ,  unsteady hea t  conduct ion.  
The exponen t ia l  method, a  pure  e x p l i c i t  method, and an i m p l i c i t  method (method 
o f  Douglas, r e f .  8)  w i l l  be compared t o  an exac t  s o l u t i o n  f o r  t h e  problem shown 
i n  f i g u r e  4 .  
The exac t  s o l u t i o n  t o  t he  problem i l l u s t r a t e d  i n  f i g u r e  4 i s  g i v e n  i n  r e f -  
erence 9 as 
where a, b, and c  a re  t h e  w id ths  o f  t h e  cube i n  t he  x- ,  y-, and z -d i rec -  
t i o n s ,  r e s p e c t i v e l y .  Equat ion (33)  w i l l  be used t o  determine how w e l l  t he  
numer ica l  techniques p r e d i c t  the  temperature d i s t r i b u t i o n .  
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The exponen t ia l  f i n i t e  d i f f e r e n c e  technique w i l l  be I n v e s t i g a t e d  f i r s t .  
The sequence t o  be fo l lowed f o r  de te rm in i ng  t h e  f i n i t e  d i f f e r e n c e  equa t ion  i s  
the  same as t h a t  p resen ted  f o r  t he  e a r l i e r  cases. The step-by-step procedure 
f o r  t h i s  three-d imensional  case c o n s i s t s  o f  t h e  f o l l o w i n g :  
(1 )  L i n e a r i z e  t he  p a r t i a l  d i f f e r e n t i a l  equa t i on  
( 2 )  Assume a p roduc t  s o l u t i o n  
(3 )  Separate t ime  from s p a t i  a1 dependence 
(4 )  Solve f o r  t ime  dependence 
(5)  I n s e r t  t he  a p p r o p r i a t e  s p a t i a l  f i n i t e  d i f fe rences  i n t o  exponen t ia l  
te rm t h a t  r e s u l t s  from s tep  3 
Based on t h i s  procedure the  three-d imensional  exponent i  a1 f i n i t e  d i f f e r -  
ence equa t i on  can be shown t o  be t he  f o l l o w i n g  ( r e f .  4 ) :  
By u s i n g  subt ime i n t e r v a l s ,  equa t i on  ( 3 4 )  becomes 
where m i s n t h e  number of subtime i n t e r v a l s ,  R i s  t h e  d imension less t ime 
s tep,  and M i . j  ,k i s  the  d imension less d r i v e  number g i ven  by 
Equa t ion  (35) w i l l  be used f o r  a l l  i n t e r i o r  nodes i n  f i g u r e  4. Th i s  equa t ion ,  
as w e l l  as those t h a t  r e s u l t  f rom the  o t h e r  a n a l y s i s ,  w i l l  be m o d i f i e d  a l ong  
t he  i n s u l a t e d  boundar ies t o  account f o r  t h e  p roper  boundary c o n d i t i o n s .  
The n e x t  method to  be a p p l i e d  t o  t h i s  th ree -d imens iona l  case w i l l  be t h e  
p u r e  e x p l i c i t  method. The f i n i t e  d i f f e r e n c e  e q u a t i o n  for  t h i s  method i s  g i v e n  
by  f o l l o w i n g  ( r e f .  8 ) :  
where R = (a A ~ ) I ( A x ) ~  and Ax = Ay = Az. As shown i n  re fe rence  8, t h e  
d imens ion less  t i m e  s t e p  Q must be 
t o  ensure s t a b i  1 i t y  o f  t h e  method. 
The l a s t  numer i ca l  t echn ique  t h a t  w i l l  be a p p l i e d  i s  t h e  method o f  Douglas 
( r e f .  8) .  T h i s  method i s  i m p l i c i t ,  and t h e  s p a t i a l  d i r e c t i o n s  a r e  cons ide red  
s e q u e n t i a l l y  i n  t h e  x-, y-, and z - d i r e c t i o n s ,  r e s p e c t i v e l y .  The i n t e r m e d i a t e  
tempera tu res  (found from t h e  x - d i r e c t i o n  sweep) and i. ( f o u n d  f r o m  y - d i r e c -  
t i o n  sweep) a r e  used to  c a l c u l a t e  t h e  a c t u a l  tempera tu re  f i e l d  v a r i a b l e  T  
( f o u n d  f r o m  z - d i r e c t i o n  sweep). The e q u a t i o n s  t h a t  a r e  s o l v e d  s e q u e n t i a l l y  
a r e  p resen ted  as f o l l o w s :  , 
- 
vi 9 . 9 k - ~ y .  
, l , k  - 1 62 
a A t  62 - 2 x  ( i , j k  + j )  y  ( i ,  + j )  + 6 :  ('7,j,k) 
where t h e  f i n i t e  d i f f e r e n c e  o p e r a t o r  i n  t h e  x - d i r e c t i o n ,  f o r  example, would 
be 
Equa t ions  (39) t o  (41 must be s o l v e d  s u c c e s s i v e l y  because t h e  v a r i a b l e  i s  
used i n  e q u a t i o n  (40) t o  f i n d  V and so on. S ince  t h e  method o p e r a t e s  on one 
s p a t i a l  d i r e c t i o n  a t  a  t ime, t he  Thomas A l g o r i t h m  can be u t i l i z e d .  I n  t he  case 
o f  f i n d i n g  t h e  G v a r i a b l e ,  t h e  y  and z nodal va lues  a re  h e l d  cons tan t  f o r  
the  x - d i r e c t i o n  sweep. Th i s  process i s  repeated u n t i  l a l l  y  and z  nodal  
va lues f o r  t h e  x - d i r e c t i o n  v a r i a b l e  a re  c a l c u l a t e d .  Th i s  procedure i s  
then repea ted  i n  a  s i m i l a r  way f o r  t h e  v a r i a b l e  and then f i n a l l y  f o r  t he  
a c t u a l  temperature f i e l d  v a r i a b l e .  
The r e s u l t s  f r o m  the  t h r e e  methods a re  shown i n  t a b l e  V.  As may be seen, 
t he  exponen t ia l  f i n i t e  d i f f e r e n c e  method gave more accura te  p r e d i c t i o n s  f o r  t he  
nodal p o s i t i o n s  shown. A l s o  i n  t a b l e  V t he  s tandard d e v i a t i o n  o f  t h e  d iagonal  
va lues a r e  shown. The exponen t ia l  method had a sma l l e r  s tandard d e v i a t i o n  a t  
bo th  e lapsed t imes shown i n  t a b l e  V.  
I n  r e fe rence  8 n i n e  d i f f e r e n t  methods t o  so l ve  t he  d i f f u s i o n  equa t i on  i n  
t h r e e  dimensions were i n v e s t i g a t e d .  The method o f  Douglas was the  p r e f e r r e d  
method because o f  i t s  accura te  r e s u l t s  and low computer CPU t ime.  I n  t h a t  
s tudy  t h e  pure  e x p l i c i t  method r e q u i r e d  t he  lowes t  amount o f  CPU t ime w i t h  the  
method o f  Douglas r e q u i r i n g  approx imate ly  f o u r  t imes as much. I n  t h e  p resen t  
s tudy  a l l  t h r e e  methods were r u n  on two d i f f e r e n t  mainframe computers t o  inves-  
t i g a t e  how these t h r e e  methods compared i n  terms o f  CPU t ime.  The r e s u l t s  a re  
shown i n  t a b l e  V I .  A l l  t h r e e  methods were exe rc i sed  f o r  the  same number o f  
t ime  s teps.  As i n d i c a t e d ,  t he  exponen t ia l  method was approx imate ly  t h r e e  t imes 
f a s t e r  than  t h e  method o f  Douglas b u t  s t i l l  s lower  than  t he  pure  e x p l i c i t  
method. From these r e s u l t s  i t  cou ld  be concluded t h a t  t h e  exponen t i a l  method 
would have been chosen as t h e  p r e f e r r e d  method f o r  o v e r a l l  accuracy and CPU 
t i  me. 
Viscous Bu rge r ' s  Equat ion 
The v iscous  Bu rge r ' s  equa t ion  i s  g i v e n  i n  r e fe rence  10 as 
The equa t i on  must be l i n e a r i z e d  f i r s t  i n  o r d e r  t o  app l y  t he  exponen t i a l  method. 
Hence, l e t t i n g  U = A = cons tan t  f o r  t he  n o n l i n e a r  term and r e a r r a n g i n g  the  
equa t i on  g i v e  
D i v i d i n g  by U and e v a l u a t i n g  t he  r e s u l t i n g  express ion  a t  t ime  n a t  node i 
r e s u l t  i n  
The s p a t i a l  and t ime  terms a re  now separated so e i t h e r  s i d e  can be s e t  equal 
t o  a  cons tan t  -K  
Th i s  can be shown t o  be equal t o  
A lso,  equa t i on  (45) can be shown t o  be t he  f o l l o w i n g  ( r e f .  4) :  
Th i s  i s  used t o  r e p l a c e  t h e  exponent i n  equa t i on  (47) 
Equa t ion  ( 4 9 )  i s  t he  exponen t i a l  f i n i t e  d i f f e r e n c e  equa t i on  f o r  t h e  v i scous  
B u r g e r ' s  equa t ion .  
An exac t  s teady-s ta te  s o l u t i o n  t o  Bu rge r ' s  equa t i on  i s  a v a i l a b l e  f o r  t h e  
f o l l o w i n g  c o n d i t i o n s :  
The s teady-s ta te  s o l u t i o n  was g i ven  as t he  f o l l o w i n g  ( r e f .  10): 
I 1 - exp [,,~e(; - I)] U(x)  = UoU1 1 + exp [Ulffe(; - I)] 
where 
and U1 i s  t h e  s o l u t i o n  o f  the  f o l l o w i n g  equa t ion :  
The exponen t i a l  f i n i t e  d i f f e r e n c e  method w i l l  be now used t o  n u m e r i c a l l y  
so l ve  t he  p rev i ous  problem. However, f o r  t he  s t a t e d  c o n d i t i o n s ,  a  problem 
a r i s e s  w i t h  t he  p o r t i o n  o f  t he  v e l o c i t y  f i e l d  i s  i n i t i a l l y  ze ro .  To overcome 
t h i s  d i f f i c u l t y ,  a  s u b s t i t u t i o n  w i l l  be used i n  which a  new v a r i a b l e  i s  d e f i n e d  
such t h a t  
- 
U = U o - U  
Bu rge r ' s  equa t i on  then becomes 
w i t h  t he  f o l l o w i n g  imposed c o n d i t i o n s  i f  Uo = 1 :  
- 
The same method o f  sepa ra t i on  o f  v a r i a b l e s  must be performed on t he  6 v a r i -  
- 
a b l e  i n  equa t i on  (51 1. The prob lem i s  now so lved  f o r  t h e  6 v a r i a b l e  and t h e  
s u b s t i t u t i o n  shown above i s  then  made t o  f i n d  t he  U v a r i a b l e .  The exponen- 
- 
t i a l  f i n i t e  d i f f e r e n c e  equa t i on  f o r  6 can be shown t o  be ( r e f .  4 ) :  
The r e s u l t s  ob ta i ned  by a p p l y i n g  equa t i on  (53) and t h e  c o n d i t i o n s  i n  equa- 
t i o n s  (52) a re  compared t o  t he  s teady-s ta te  exac t  r e s u l t s  o f  equa t i on  (50) and 
a re  shown i n  f i g u r e  5 .  The r e s u l t s  f r om  the  exponen t ia l  method were n e a r l y  
t he  same as a  those from the  exac t  method. 
Another a p p l i c a t i o n  o f  B u r g e r ' s  equa t i on  was done t o  i n v e s t i g a t e  t h e  
e f f e c t  o f  t he  d i f f u s i o n  term. The r e s u l t s  f o r  t he  v a r i a t i o n  o f  v ove r  fou r  
o rde rs  o f  magnitude a re  shown i n  f i g u r e  6 f o r  t he  same i n s t a n t  i n  t ime .  A t  
t h e  two lower  v va lues ,  t h e  t o t a l  range o f  t he  f i e l d  v a r i a b l e  takes p l a c e  
ove r  a  smal l  number o f  nodal  p o s i t i o n s .  A  b e t t e r  approx imat ion  cou ld  be made 
f o r  these  cases by u s i n g  a  f i n e r  g r i d .  A comparison o f  t he  exponen t i a l  and a  
pure  e x p l i c i t  f i n i t e  d i f f e r e n c i n g  schemes f o r  Bu rge r ' s  equa t i on  a re  shown i n  
f i g u r e  7. As can be seen f r om f i g u r e  7, t he  number o f  nodes used can have a  
l a r g e  e f f e c t  on t he  p r e d i c t e d  v e l o c i t y  f i e l d .  The pure e x p l i c i t  techniques 
can have l a r g e  o s c i l l a t i o n s  and p r e d i c t  p h y s i c a l l y  imposs ib le  r e s u l t s .  As t h e  
number o f  nodes a re  inc reased  and t h e  t ime  s tep  decreased, t h e  two s o l u t i o n s  
g i v e  s i m i l a r  r e s u l t s .  
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Laminar Boundary Layer on ,a F l a t .  P l a t e  ,. 
The l a s t  a p p l i c a t i o n  t o  be i n v e s t i g a t e d  w i l l  be f o r  t h e  development o f  a 
l a m i n a r  boundary l a y e r  o n  a  f l a t  p l a t e  ( f i g .  8). I n  r e f e r e n c e  9 t h e  s teady-  
s t a t e  f o r m u l a t i o n  i s  g i v e n  i n  terms o f  t h e  f o l l o w i n g  t h r e e  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n s  : 
C o n t i n u i t y :  
Momentum: 
Energy: 
w i t h  t h e  f o l l o w i n g  boundary c o n d i t i o n s :  
where v and a a r e  t h e  momentum and thermal  d i f f u s i v i t i e s ,  r e s p e c t i v e l y .  
Equat ions (55)  and (56)  can be s o l v e d  by  u s i n g  t h e  method p r e s e n t e d  f o r  
t h e  v i s c o u s  B u r g e r ' s  e q u a t i o n .  The o n l y  d i f f e r e n c e  i s  t h a t  t h e  s o l u t i o n  w i l l  
march i n  t h e  x - d i r e c t i o n  i n s t e a d  o f  t i m e .  The r e s u l t s  f r o m  t h e  s e p a r a t i o n  o f  
v a r i a b l e s  f o r  e q u a t i o n s  (55 )  and (56)  were found  t o  be ( r e f .  4)  
The c o n t i n u i t y  e q u a t i o n  i s  w r i t t e n  as ( r e f .  10) 
Equations (58) and (59) are f i r s t  so lved us ing  a s p a t i a l  subincrement as 
was done f o r  the cases when t ime was the marching d i r e c t i o n  o f  the s o l u t i o n .  
A f t e r  t h i s ,  the c o n t i n u i t y  equat ion (eq. (60))  i s  solved. 
The r e s u l t s  of t h i s  a p p l i c a t i o n  are shown i n  f i g u r e  9 f o r  a Prandt l  number 
equal t o  0.72. The thermal boundary l a y e r  was ou ts ide  the v e l o c i t y  boundary 
l a y e r ,  as would be expected. The r e s u l t s  w i t h  the  Prandt l  number equal t o  0.72 
were compared t o  the exact  s o l u t i o n  as presented i n  re fe rence 9. A downstream 
p o s i t i o n  was chosen and the  r e s u l t s  a re  compared i n  t a b l e  V I I .  The exponent ia l  
method r e s u l t s  were i n  good agreement w i t h  t he  exact  r e s u l t s .  
CONCLUDING REMARKS 
I n  conclus ion,  an exponent ia l  f i n i t e  d i f ference technique has been 
extended t o  o the r  coord ina te  systems and expanded t o  model problems i n  two and 
th ree  dimensions. The method has d i r e c t  a p p l i c a t i o n  t o  l i n e a r  p a r t i a l  d i f f e r -  
e n t i a l  equat ions such as the d i f f u s i o n  equat ion and can be extended t o  so lve 
non l i nea r  equat ions. The method i s  presented as an a l t e r n a t i v e  method f o r  
s o l v i n g  a wide range o f  eng ineer ing  problems. 
The method was app l i ed  t o  a v a r i e t y  of heat  conduct ion and f l u i d  f l o w  
problems. I t  was found t h a t  t he  r e s u l t s  p r e d i c t e d  by the  exponent ia l  f i n i t e  
d i f f e r e n c e  a lgo r i t hm f o r  the  cases presented i n  t h i s  study demonstrated t h a t  
1. F i e l d  v a r i a b l e  was p red i c ted  w i t h  a h igher  degree o f  accuracy than 
o the r  numerical  techniques where exact  s o l u t i o n s  e x i s t .  
2, The method can be app l i ed  t o  l i n e a r  and non l inear  p a r t i a l  d i f f e r e n t i a l  
equat ions w i t h  dependent v a r i a b l e s  t h a t  can be separated. 
3. When the exponent ia l  method i s  app l i ed  t o  the d i f f u s i o n  equat ion,  the 
s t a b i l i t y  o f  the method i s  t he  same as t h a t  of pure e x p l i c i t  methods, where 
the  subtime i n t e r v a l  s tep  s i z e  determines the  s t a b i l i t y .  
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TABLE I. - COMPARISON OF RESULTS FOR DIFFERENT DIMENSIONLESS TIME STEPS FOR ONE-DIMENSIONAL 
HEAT TRANSFER I N  CYLINDRICAL COORDINATES WITH INFINITE HEAT TRANSFER 
COEFFICIENT AT THE SURFACE 
[ I n i t i a l  and boundary co d i t i o n s  a r e  t he  f o l l ow ing :  h -t a; T(r,O) = 1.0; T(R, t )  = 0;O f o r  
t > 0; ? = ( a  A t ) / ( A r ) l ;  a = 1.0 m2/s; N = number o f  nodes; m =.number o f  subtime i n t e r v a l s l ]  
TABLE 11. - FINITE HEAT TRANSFER COEFFICIENT CYLINDRICAL COORDINATES 
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TABLE 111. - COMPARISON OF EXPONENTIAL FINITE DIFFERENCE 
METHOD I N  ONE-DIMENSIONAL CYLINDRICAL COORDINATES 
TO THE RESULTS OF REFERENCE 6 
[a = 1.0 f t 2 / s ;  A t  = 1.0 s; ( a  ~ t ) / ~ r ~  = 1.0; N = number 
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l eng th ,  
R. 
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TABLE IV.  - COMPARISON OF EXPONENTIAL, PURE-EXPLICIT, AND IMPLICIT FINITE 
DIFFERENCE METHODS FOR ONE-DIMENSIONAL, UNSTEADY HEAT TRANSFER WITH 
TEMPERATURE-VARYING THERMAL CONDUCTIVITY 
[Temperature shown i s  a t  cen ter  o f  s lab ;  K(T) = 1.0 + B(T) ;  0 = 0.01.1 
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TABLE V. - COMPARISON OF THREE DIFFERENT, THREE-DIMENSIONAL UNSTEADY STATE HEAT TRANSFER SOLUTIONS 
aT [T (~ ,~ . . .O)  = 1 .O: T(x.y.L.t) = T(x .L . r . t )  = T ( L , ~ . Z . ~ )  = 0: a (0 .y . r . t )  = 5 (x.0,z. t )  = - (x.y .0 . t )  = 0: N = number o f  nodes 
ax az 
i n  x-, y-, and z -d i rec t ions ;  Q  = (a h t ) / hx I2 ;  hx = Ay = Az. 1 
2 
%tandard dev ia t i on  = . /: 5 ki - bi) where Tei i s  the  exact r e s u l t  a t  
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(N = 11, R z 0 . 1 5 )  
Method o f  Douglas 
f i n i t e  d i f f e rence  
resu l  t s ,  OC 
(N = 11, Q =  0.15) 
Standard dev ia t i on  along diagonala 
Accuracy, 
percent  
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TABLE VI .  - COMPARISON OF CPU TIME ON TWO DIFFERENT 
MAINFRAMES FOR THREE DIFFERENT THREE-DIMENSIONAL 
FINITE DIFFERENCE METHODS 
[One-hundred t ime steps f o r  each method.] 
I ' 
IBM-3033 
aBased on t he  t o t a l  number o f  subtime i n t e r v a l s  
equal t o  100. 
TABLE V I I .  - COMPARISON OF EXPONENTIAL FINITE 
DIFFERENCE METHOD TO EXACT RESULTS OF BOUNDARY 
LAYER EQUATION FROM REFERENCE 9 FOR THE 
VELOCITY PROFILE AT ONE DOWNSTREAM LOCATION 
[Distance downs ream x = 500 cm, !J v = 0.0072 cm /s.] 
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IN IT IAL  CONDITION: T(r.0) = 0 
BOUNDARY CONDITIONS: T(R2.t )  = 1.0 
(A) ONE-DIENSIONAL PROBLm WITH VARYING T H E M  CON- 
DUCTIVITY. 
FIGURE 1. - PROBLEH CONDITIONS FOR CWARISON OF EXPONENTIAL 
F IN ITE  DIFFERENCE TECHNIQUE TO CHARACTERISTIC PROBLEM 




(B) LINEAR RELATIONSHIP B E N E N  CONDUCTlVl N AND TWERATURE. 
FIGURE 2. - SKETCHES SHOWING PROBLEM STATEENT FOR TEKPERATURE- 
VARYING THERMAL CONDUCTIVIN. 
I- 0 EXPONENTIAL: M = 4. fI = 0.5. 2 0  T I E  STEPS BOUNDARY CONDITIONS: 1 > 0 2 0  PURE EXPLICIT: ll = 0.25. 8 T I E  STEPS 
0 .2 .4 .6 .8 1 .O 
DIHENSIONLESS POSITION. x/L 
FIGURE 3. - CWARISON OF METHODS FOR TEM'ERATURE-VARY ING FIGURE 4. - BOUNDARY AND IN IT IAL  CONDITIONS FOR THREE-DIMENSIONAL 
CONDUCTIVIN, SHOWING W R A T U R E  FIELD AT t = 0.02 s. UNSTEADY STATE CONDUCTION HEAT TRANSFER. 
k(T) = k R ( l  + PT) WHERE kR = 1.0. P = 0.01. T(x.0) = 100. 
ANDT(0,t) = T(L.1) = 0; a =  1. 
0 EXPONENTIAL F IN ITE 
DIFFERENCE RESULT 
- EXACT ANALYSIS 
I EXPONENTIAL ETHOD. PARMETERS: 
-" 
v = 0 .4  n2/s, I =  2.0 s SHOWN 
E 
0 .2 .4 .6 .8 1.0 
DIPENSIONLESS POSITION. x/L 
FIGURE 5. - COMPARISON OF STEADY STATE SOLUTIONS COMPARING 
THE EXACT RESULTS TO THE EXPONENTIAL FINITE DIFFERENCE 
SOLUTION U(O.1) = 1.0: U(L.1) = 0.0. 
0 .2  . 4 .6 .8 1.0 
DIMENSIONLESS POSITION. x/L 
FIGURE 6. - EXPONENTAL FINITE DIFFERENCE RESULTS FOR VARY- 
ING KINEHATIC VISCOSIN. ALL VELOCITIES ARE SHOWN FOR 
N = 21. m = 8, Al /Ax2  = 4.0, t = 1.0 s. U(0.t) = 1.0. 
U(L. t )  = 0.0. 
METHOD N m At.s 
A EXPONENTIAL 11 4 0.025 
0 EXPONENTIAL 21 8 .005 
EXPONENTIAL 41 19 .0025 
PURE EXPLICIT 21 -- ,005 
W PURE EXPLICIT 41 -- .0025 
DIMENSIONLESS POSITION. x/L 
FIGURE 7. - COMPARISON OF EXPONENTIAL AND PURE EXPLICIT 
FINITE DIFFERENCE METHODS. ALL RESULTS SHOWN FOR 
v = 0.01 m2/s, t = 1.0 s. u(0.t) = 1.0. AND 
U(L. t )  = 0.0. 
- 
VELOCITY BOUNDARY rVELOCIN PROFILE: 
I f f 




 LATE AT TEMPERATURE T(X.O) = o 
FIGURE 8. -BOUNDARY LAYER DEVELOPMENT ALONG A COOLED FLAT PLATE. 
CONDITIONS: Utx,O) = 0. Vtx.0) = 0. V(x.L) = 0, U(0.y) = 1.0. 
TtO. y) = 1.0. 
- rTHERMAL BOUNDARY r TEMPERATURE 
\ LAYER PROFILES 
\ 
\ r / r T = 1 . 0  I /  r-3 
DISTANCE DOWN THE FLAT PLATE. x, CM 
FIGURE 9. - EXPONENTIAL FINITE DIFFERENCE RESULTS FOR BOUNDARY LAYER EQUATIONS WITH CONDITIONS U(0.y) = 1.0, 
Utx.0) = 0. Vtx.0) = 0. Vtx.L) = 0. Ttx.0) = 0.0. T(0.y) = 1.0: V = 0.0072 cn2/s: a = 0.01 cn2/s. 
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